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Abstract 

We prove that a subgroup of a finitely generated free nilpotent group 
F is undistorted if and only if it is a retract of a subgroup of finite index 
in F. 



1 Introduction 

1.1 Background and Preliminaries 

The primary notion which will be investigated in this paper is that of distortion 
of a subgroup. This notion was first introduced by Gromov in [5]. 

Definition 1.1. Let H be a subgroup of a group G, where H and G are generated 
by the finite sets S and T , respectively. Then the distortion function of H in 
G is defined as : N — > N : n >— > max{|iu|s : w G H, \w\t < n}, where \w\s 
denotes the word length of w in H with respect to the finite generating set S, 
and \w\t is defined similarly. 

We study distortion functions up to a natural equivalence relation in order 
to make this concept independent of the choice of finite generating sets S and 
T. 

Definition 1.2. We say that f ■< g if there exists C > such that f(n) < 
Cg(Cn + C) for all n > 0. We say two functions are equivalent, written f w g, 
if f dig and g d f ■ 

Note that if H is infinite, then it is always true that A^(n) y n. 

Definition 1.3. The subgroup H of G is said to be undistorted if A^(n) w n. 

If a subgroup H is not undistorted, then it is said to be distorted, and it's 
distortion refers to the equivalence class of A^(n). 

The following facts about distortion are well-known. If [G : H] < oo then 
H is undistorted in G. This follows from the Reidemeister-Schreier rewriting 
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procedure; the rewriting of an element in the finite set of generators of H does 
not increase it's length. Moreover, if H is a retraction of G, then H must be 
undistorted. To see this, one takes a generating set of H to be the images under 
the retract of a finite set of generators for G. Finally, if M < H < G and both 
M is undistorted in H as well as H is undistorted in G, then M must also be 
undistorted in G; this follows from the definition of distortion. 

The distortion function measures the difference in the metrics induced by 
generators of G and H. Intuitively, a subgroup H of a group G is highly distorted 
if one must travel a long distance in the Cayley graph of H whereas traveling 
between the same points in G takes a relatively short distance. 

There has been a wide range of work done with regards to the study of 
distortion in finitely generated groups. For instance, the complete description of 
length functions on subgroups of finitely generated and finitely presented groups 
can be found in [5] and [TO]. Other interesting finitely generated groups with 
fractional distortion are constructed in [3J. Additionally, in [T^], the formula 
for distortion in finitely generated nilpotent groups and nilpotent Lie groups is 
obtained. 

We introduce the main object of our study as well as some of its basic 
properties. 

Definition 1.4. A free m-generated class c nilpotent group G m _ c is a c-nilpotent 
group with generators yi, ■ ■ ■ y m defined by the following universal property: 
given an arbitrary d-nilpotent group H for d < c and elements hi, ... , h m G H 
there is a unique homomorphism <f> : G m ,c —tH:yit-^hi for all i = 1, . . . , m. 

Note that free nilpotent groups are torsion- free. See, for example, [2]. We 
will provide a simple and concrete example of free nilpotent groups and some 
of their distorted subgroups, after fixing some notation. 

Remark 1.5. We use the notation that the commutator [xi,x^\ — xj~ x^~ X1X2 
and inductively define higher commutators by [xi, . . . , Sj] = [xi, [x%, . . . , Xj]], for 
i > 3. The descending central series of a group G is defined inductively as: 
71(G) = G and 74(G) = [G, 7,-_i(G)]. With this notation we have that the 
free nilpotent group G n . c has presentation given by R/j c+ i(R) where R is the 
absolutely free group of rank m. 

Example 1.6. The free ^-generated, 2-nilpotent group is isomorphic to the 3- 
dimensional integral Heisenberg group 

U 3 = 9P(a, b, c\c = [a, b], [a, c] = [b, c] = 1). 

It has cyclic subgroup (c)oo which is distorted and in fact it has quadratic dis- 
tortion. To see why this is true, notice that the word c™ has quadratic length 
in (c), but that in T-L 3 , we have 

c = [a, b\ = [a , J 
which has at most linear length. 
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1.2 Statement of Main Results 

The main result of this note is the following. It will be proved in Section [3] 

Theorem 1.7. Let F be a free m- generated, c-nilpotent group. A subgroup H 
in F is undistorted if and only if H is a retract of a subgroup of finite index in 
F. 

When the undistorted subgroup H is normal in F we may further refine our 
classification. 

Corollary 1.8. Let H be a nontrivial normal subgroup of the free m-generated, 
c-nilpotent group F, and assume that c > 2. Then H is undistorted if and only 
if [F :H}< oo. 

2 Facts on Nilpotent Groups 

We record several well known facts about nilpotent and free nilpotent groups 
which will be used in the proof of Theorem 11.71 For instance, nilpotent groups 
possess special commutator identities. 

Lemma 2.1. If G is c-nilpotent, then the following identities hold: 

(1) [x 1 ,...,yz,...,x c ] = [x!,...,y, . . . ,x c ][xi, . . . , z, . . . ,x c ]. 
(2) [x^ ,...,<"] = [ Xl , ... , x c ] n ^- n ° forn 1 ,...,n c eZ. 

In [5J special cases of these facts are discussed. The formulas in Lemma l!01 
can be easily obtained from these special cases. 

The following Lemma is useful when proving that subgroups of nilpotent 
groups are of finite index. 

Lemma 2.2. If G is a finitely generated nilpotent group and H < G, then if 
some positive power of each element of a set of generators of G lies in H , then 
[G : H] < oo and a positive power of every element of G lies in H. 

A proof of this fact can be found in [5] . 

Lemma 2.3. If G is any finitely generated nilpotent group, and H < G then 
[G : HG'] < oo implies [G : H] < oo. 

In [B], a special case of this Lemma is proved. The more general result of 
Lemma 12.31 follows by a simple argument. 

The following result of Magnus will help us in proving Theorem 11.71 

Proposition 2.4. Let R be an absolutely free group. For 1 ^ x € R, let the 

weight of x, w(x) — m, be the first natural number such that x £ r y m (R) but 
x £ 7 m +i(i?). Then for nontrivial elements X\ and xi having respective weights 
Ai and A2, we have that the weight of x = [xi,X2] equals Ai + A2 if Ai 7^ A2. 
Moreover, w(x) > Ai + A2 if and only if the subgroup generated by X\ and X2 
is also generated by some x\,X2 with weights Ai and Ai + fj,, respectively, where 
/i > and in this case, the weight of x is 2Ai + /i. 
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A proof of Proposition 12.41 can be found in [7] . 

Lemma 2.5. If c > 1 and F is free c-nilpotent, then the centralizer of an 
element x\ ^ F' is of the form "f c {F) x (a), where a ^ F' . 

Proof. Let R be an absolutely free group with the same number of generators as 
F. As mentioned in Remark 11.51 we have that F — R/j c+ i(R). An element Xi 
is contained in the centralizer of x\ in F, Cf(xi), if and only if x = [x\, = 1 
in F if and only if x £ 7 c +i(i?). That is, if considered as words in the absolutely 
free group R, w(x) > c + 1. If w(x2) = 1 then by Proposition 12 .4[ and with 
notation as in Proposition 12.41 w{x) > c + 1 which is equivalent to saying that 
2 + [j, > c + 1; i.e. 1 + fj, > c. This means that gp(xi,a;2) = gp(aTT, xj) where 
ttf(xT) = 1 and w(x2) = 1 + fx > c, which occurs if G 7 c (i?). Observe that if 
w(a?2) 7^ 1 then by Proposition 12.41 u>(x) = w(x2) + 1 > c + 1 hence w(x2) > c 
which implies that xi 6 7 c (i?). Therefore, we have that xi £ gp(a?T) x Jc{R), 
with the understanding that in case w(x2) ^ 1 we take x~\ = x\ and = X2- 

Hence, the image X2^ c +i(R) in F belongs to (xTj c +i(R)) x (j c (R) /j c+ i(R)) . 
The product is direct: the intersection is trivial because c > 1 implies that 
(x~T) ("1 J C (R) C (xT) ri72(-R) = {1} because io(a;i) = 1. Let (yj c+1 (R)) be 
the unique maximal cyclic subgroup of the free nilpotent group F containing 
Xi~f c +i(R)- This subgroup is the isolator of the cyclic subgroup. We will show 
that 

(y lc+1 {R)) x ( lc (R)/ lc+1 (R)) 

is the centralizer of x\. One inclusion has already been shown. It suffices 
to observe that y £ Cf{x\). This follows because there exists n £ Z with 
y n lc+1 {R)=x llc+1 {R). □ 

Proposition 2.6. Let F be a free m-generated, c-nilpotent group with free gen- 
erators a%, . . . a m , for c > 1. Suppose b±, . . . bk £ F are such that {b\F' , . . . bkF'} 
is a linearly independent set in the free abelian group F/F' then K := gp{b\, . . . &&) 
is free c-nilpotent. 

For a proof of Proposition 12.61 refer to [5] ■ 

The following result of Osin will be very useful to us later on. 

Proposition 2.7. Let G be a finitely generated nilpotent group, and H a sub- 
group ofG. Let H° be the collection of elements of H having infinite order. For 
m £ H , let the weight of m in G be defined by 

w g(™) = max{fc|(m) n Gk ^ {1}} 

and similarly for vh(ui). Then 

Ag(n) « n r 

where 

VG{m) 
r = max — r. 

meH a vii(m) 
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A proof of this fact can be found in [T^] . 



Corollary 2.8. If G is nilpotent of class c and H is cyclic, then 
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where d £ N and d < c. 

3 Undistorted Subgroups in Free Nilpotent Groups 

From this point on, all notation is fixed. Let F be a free m-generated, c- 
nilpotent group with free generators ax,... ,a m , for c > 1. Suppose that H is 
any nontrivial subgroup of F . Consider the group HF' / F 1 . Being a subgroup of 
the free abelian group F/F', it is free abelian itself. Denote the free generators 
of HF'/F' by b x F', . . . b k F', where each b t eH,sok = rank(#F' /F'). Without 
loss of generality, k > 0, for if k = then H C F' so by Proposition 12. 71 H is a 
distorted subgroup in F. We can assume further that b±, . . . bfc, a^+i, ■ ■ ■ a m are 
independent modulo F' . 

Let D — gp(ai, . . . afc). Consider the map r : F — > D : 



Then r is a retraction of F. This is clear: r is a homomorphism because F 
is free, and r restricted to D is the identity map. Let ./V = kcr(r). 

Lemma 3.1. We have [F : HN] < oo. 

Proof. The elements b\, . . . , bf., a/c+i, • • • , o, m generate a subgroup S of finite in- 
dex in F. This follows because the elements b\, . . . , ajt+i, . . . , a m are linearly 
independent modulo F' , so SF'/F' = gp(&iF', . . . , 6 fc F', a H1 F', . . . , a m F', F') 
is free abelian of rank m and is a subgroup of F/F 1 . Therefore we have that 
[F/F' : SF'/F'] < oo, which implies that [F : SF'] < oo. Hence by Lemma 
12 . 31 we have that [F : S] < oo. Because N is generated by a^+i, ■ . ■ , a m and H 
contains b\, . . . , &fe, then HN contains S, so [F : HN] < oo. 



The following Lemmas are working towards proving that for H undistorted, 
H n N = {1}, which would essentially complete the proof of Theorem 11.71 

Lemma 3.2. If H D N ^ {1} then N n H D j c (F) ^ {1}. 

Proof. Observe that the Lemma is true in case c = 1, so in the proof we assume 
that c > 2. Because H is nilpotent group, and H n N is nontrivial normal 
subgroup, we must have Z{H) n H n N ^ {1}. Observe that 




□ 



z{H) = (n heH c F {h)) nH< c F (bx) n H 
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which by Lemma [53] has the form (7 C (F) x (a)) f)H where a </ F' . Now observe 
that H (~l N < F'. This follows because the image of H in F/F' is generated 
by {bi, ... , and the image of N in F/F' is generated by {ofe+i, . . . , a m }, 
so because the set {&i, . . . , b k , dk+i, ■ ■ ■ , a m } is independent, the intersection 
HF'/F' n NF'/F' = 1, so (H n N)F'/F' = 1 which implies that H n N C F'. 
Thus we have 

Z(ff) fliV< ( 7c (F) x (a)) n F' < 7c (F). 

Therefore, there is a nontrivial element in Z{H) n iV n 7c(F) as required. □ 

Lemma 3.3. If N (~) H (~) 7c (F) ^ {1} i/ierc F is distorted. 

Proof. Let 1/ueJVnffn 7c (F). We will show that that (u) n 7c (F) = {1}. 
For if u r £ "fc(H) for some / r e Z, then u r is a product of c-long commutators 
of the from [yi, . , , , y c ] where yi is either one of b±, . . . , bk or an element of F' 
since H is generated by b\, . . . , bk and F' n H. But if one of the y^'s belongs to 
F', then the commutator is trivial because it is a c + 1-long commutator in F. 
It follows that u r € gp(6i, . ..,b k )C\N. 

By Lemma [3~Tl the subgroup S = gp(&i, • • • , &fe, a k +i ■ ■ ■ , a m ) has finite index 
in F. This implies by Lemma [2721 that 

[r(F) : r(5)] = [D : gp(r(6i), . . . , r(b k ))] < oo. 

Therefore, we also have that 

[i?/i? , : g p(r(6i),...,r(6 fc )W£»T<oo 

and so {r(6i)D', . . . ,r(bk)D'} is linearly independent in the free abelian group 
of rank fc, D/D' . By Proposition 12.61 we have that both 

gp(r(6i),...,r(6 fc )) and gp(6 x , . . . , 6 fe ) 

are free fc-generated, c-nilpotent groups. This implies that the intersection 
gp(&i, • • • , bh) H N is trivial, because TV = ker(r). 

Hence (u) n 7c (#) = {1} and 1 ^ u £ 7c (F). It follows by Propsotion 12.71 
that the distortion of the cyclic subgroup (u) in F is greater than its distortion 
in H. Thus H cannot be undistorted in F. □ 

Corollary 3.4. If H n N ^ {1}, i/ien F is distorted. 

Proof. This follows directly from Lemmas 13.21 and 13.31 □ 

Now we proceed with the proof of Theorem 11.71 

Proof. As mentioned in Section [TJ every retract of a subgroup having finite 
index in any group G is undistorted. Conversely, if H is undistorted in F then 
by Corollarv l3.4l we have that HON — {1}. Then by Lemma [3TTI H is a retract 
of the subgroup HN of finite index in F, as required. □ 

We also proceed with the proof of Corollary 11.81 
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Proof. We use the notation already established in this Section. Observe that 
if k = m then we have by definition of k that [F : H] < oo. If by way of 
contradiction we suppose that k < m, then by Corollary 13.41 H undistorted 
implies that H n N = {1}. It follows by the normality of H and N and the 
fact that bi G H and a m 6 N that [6i,a m ] = 1. On the other hand, by 
Proposition 12. 61 we have that gp(&i,a m ) is free nilpotent of class at least 2, a 
contradiction. □ 



4 Examples and Discussion 

Example 4.1. In the formulation of Theorem \1.7[ one may not replace "retract 
of a subgroup of finite index" by "finite index subgroup in a retract", although 
this is true in some cases (e.g. (a 2 ) in TC 3 ). 

For a counterexample, consider the cyclic subgroup H — (a 2 [a,b] 3 ) of the free 
2-generated, 2-nilpotent group F — (a,b\[a,[a,b]\ = [6, [a, b]] = 1). Since no 
non-trivial power of the generator of H is in F' , it follows that H n F' = {1}. 
Therefore, by Proposition \2.7\ H is undistorted in F. By Theorem ] 1.7\ we know 
that H is a retract of a subgroup of finite index in F. Following the steps of the 
proof, we arrive at the subgroup M = (a 2 [a,b} 3 ,b) . 

However, it should be remarked that H is not a subgroup of finite index in a 
retraction of F. First, observe that H is not a retraction itself. For, if by 
way of contradiction there were such a homomorphism <fi : F — > H , then we 
have equations (f>(a) — (a 2 [a,b] 3 ) n and 0(6) = (a 2 [a, 6] 3 ) m as well as a 2 [a, 6] 3 = 
4>(a) 2 [4>(a), 4>(b)] 3 . But this set of equations has no solutions, even modulo F' . 
Next, observe that H is not a proper subgroup of finite index in any K < F. 
This follows because H is a maximal cyclic subgroup in a torsion-free nilpotent 
group. 

Example 4.2. Freeness is necessary for the formulation. For instance, consider 
the case of non-free 5 -dimensional Heisenberg group F = T-L° defined by the 
presentation 

(x,y,u,v,z\[x,y] = [u,v] = z, [x,z] = [y,z] = [u,z] = [v,z] = 1). 

Then by Lemma \2. 7\ H = Ti. 3 is an undistorted subgroup of F. However, as 
we will show, H is not a retract of any subgroup K of finite index in F . For if 
by way of contradiction, [F : K] < oo and H is a retract of K , then we would 
have that the Dehn functions fn ^ fx ~ /f which implies that n 3 < n 2 . These 
facts about Dehn functions are well known and the reader may see ]7$ or for 
more information about the Dehn function of ~H 5 and OV for more information 
on the Dehn function of H 3 . 

The following result is a direct implication of the proof of Theorem 1 1.71 

Corollary 4.3. Every undistorted subgroup H of F is "almost a retract" in 
the following sense: there exists a normal subgroup N < F such that HN is of 
finite index in F and H n N = {!}. 
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Corollary 4.4. The undistorted subgroup H of F is virtually free c—nilpotent. 



Proof. With the notation of Section [31 we have that r(H) contains the free 
subgroup K = gp(r(6i), . . . ,r(6fe)). Because [D : K] < oo and K < r(H) it 
follows that [r(H) : K] < oo. Finally, because H n N = {1} we have that 
r(H) = H/(H D N) = H. □ 

Example 4.5. There are undistorted subgroups of free nilpotent groups that are 
not free. For example, consider again the 3- dimensional Heisenberg group % 3 
and its subgroup H — gp(a 2 , b, [a, b]) . Then H is undistorted because it is of 
finite index in TL 3 . Moreover, H is not free because H' = ([a 2 , b]} and so H/H' 
contains the nontrivial torsion element [a, b] . However, the group H is virtually 
free, as it contains the free nilpotent subgroup (a 2 , b) of finite index. 
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